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Scalar Perturbations Through Cycles
Zhi-Guo Liu∗ and Yun-Song Piao†
College of Physical Sciences, Graduate School of Chinese Academy of Sciences, Beijing 100049, China
We analytically and numerically investigate the evolutions of the scalar perturbations through
the cycles with nonsingular bounce. It is found that the amplitude of the curvature perturbation
on large scale will be amplified cycle by cycle, and the isocurvature perturbations also obtain an
amplification, but the rate of its amplification is slower than that of curvature perturbation, unless
its coupling to the metric perturbation is not negligible.
I. INTRODUCTION
In recent decades, inflationary cosmology has achieved
a lot of successes, namely, it solved the homogeneity,
isotropy, flatness problems and offered a noble mecha-
nism of generating a nearly scale invariant spectrum of
primordial fluctuations. However, as the inflationary cos-
mology has singularity problem, it still deserves a further
investigation on relevant issues.
A cosmological cyclic scenario was proposed long time
ago [1]. In these years it has become popular [2], which of-
fered a new insight into the origin of observable universe.
The inflationary model bases on the idea that space and
time had a beginning when the universe had nearly in-
finite temperature and density. In the cyclic model, the
universe evolves cyclically in time, undergoing endless ex-
pansions and contractions, cooling and heating, in which
the density and temperature remain finite through these
cycles.
There have been many studies on cyclic models
[3],[4],[5],[6],[7],[8],[9],[10],[11],[12],[13],[14], in which it is
generally assumed that the cyclic universe is homoge-
neous cycle by cycle. However, when the perturbations
are considered, the case might be altered[15],[16],[17]. In
general, the amplitude of curvature perturbation on large
scale will increase in every contracting phase on large
scale, however it will be nearly constant in the expanding
phase. Thus the net result of one cycle is that the ampli-
tude of curvature perturbation is amplified. This ampli-
fication will possibly continue cycle by cycle. In certain
sense, the amplification of curvature perturbation might
eventually destroy the homogeneity of background. The
effect of the increasing of other perturbations on cyclic
universe has been also studied, e.g. anisotropic pressures
[18].
Since the perturbation modes is continuously increas-
ing through cycles, the reliability of some models of cyclic
universe might be required to reevaluate. In the model
building of a consistent cyclic universe, the perturbation
should not only satisfy the requirement of the observable
universe, but also is not expected to destroy the homo-
geneity of background. Thus the study of the evolutions
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FIG. 1: The upper panel is the evolution of scale factor in the
model with increasing cycles. The lower panel is the evolu-
tion of scale factor in the model with equal cycles. The time
is scaled by ks which is an adjustable parameter to make the
models be able to be consistent with the time scale of the
observable universe. The insets are the evolution of ω corre-
spond to every cyclic model around the bounce time.
of cosmological perturbations in the model of cyclic uni-
verse is significant.
In this paper, we firstly recheck the evolution of cur-
vature perturbation on large scale both analytically and
numerically. It is proved that the curvature perturba-
tion and the metric perturbation will be amplified cycle
by cycle. Then we calculate the evolution of the pertur-
bation of a light scalar field through cycles, which con-
tributes the isocurvature perturbation. It is found that
the isocurvature perturbations also obtain an amplifica-
tion, but the rate of its amplification is slower than that
of curvature perturbation, unless its coupling to the met-
ric perturbation is not negligible.
The outline of paper is as follows. In section II, we in-
troduce the models of cyclic universe, which will be used
in following sections, and the basic equations of perturba-
2tions. In section III, we show the evolutions of the curva-
ture perturbation on large scale through cycles, and also
the metric perturbation, which will be used in section IV,
in which we study the behavior of the isocurvature per-
turbation on large scale without or with the effect of the
metric perturbation. The final section is the discussion.
II. THE SETUP AND THE BASIC EQUATION
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FIG. 2: The evolution of background field φ. The upper
panel and the lower panel are these of the models in Fig.1
corresponding with increasing cycles and equal cycles, respec-
tively.
In this section, we will introduce the models of cyclic
universe, which will be used in following sections, and
the basic equations of perturbations. We will regard the
turnaround time as the beginning of a cycle, which is tjT
in the jth cycle. In each cycle the universe will sequen-
tially experience the contraction, bounce, and expansion,
and then arrive at the turnaround, which signals the end
of a cycle. The beginning and the end of the contract-
ing phase and the expanding phase in the jth cycle are
tjCi, t
j
Ce, t
j
Ei and t
j
Ee, respectively, and the bounce is
tjB. Throughout this paper, “the model with equal cy-
cles” means that the scale factor is periodically equal,
while “the model with increasing cycles” means that the
maximal value of the scale factor or the scale of cycle is
cyclically increasing.
The upper panel in Fig.1 is the evolution of scale factor
of the model with increasing cycles, e.g. see [9] for details.
The models with increasing cycles have been obtained in
e.g.[3],[4],[11], in which the entropy is increased, however,
in our paper it results from a rapid expanding period after
the bounce in each cycle, the corresponding observable
signals have been studied in e.g. [19],[20],[21]. The lower
panel is that with equal cycles. We also give the evolution
of background field φ in Fig.2.
In Fig.1, the nonsingular bounce is implemented by
applying a ghost field. In general, the introduction of
ghost field is only the approximative simulation of a fun-
damental theory below certain physical cutoff. In this
sense, its appearance is only an artefact of this approx-
imation. There have been lots of studies on how the
perturbations pass through such a nonsingular bounce
[22],[23],[24],[25],[26]. Recently, the nonsingular bounce
has been obtained in higher derivative theories of gravity
[27],[28], or Galileon field [29],[30], which are ghost free,
and others [31],[32], and also earlier e.g.[33],[34].
We will investigate the evolutions of the scalar pertur-
bations through cycles, and will not involve the details of
model building. The models in Fig.1 will serve the pur-
pose of numerical simulations in the calculations of per-
turbations. We shall work in longitudinal gauge in which
if there is not the anisotropy only the metric perturbation
Φ exist. The perturbation equations are [35],[36],[37]
δφ¨i + 3Hδφ˙i − ∇
2
a2
δφi +
∑
j
V,ijδφj
= 4Φ˙φ˙i − 2ΦV,i, (1)
−3HΦ˙ + (∇
2
a2
− 3H2)Φ
= 4piG
∑
i
[φ˙iδφ˙i − φ˙2iΦ + Viδφi], (2)
Φ˙ +HΦ = 4piG
∑
i
φ˙iδφi, (3)
where V,i denotes the derivative of the scalar field po-
tential with respect to φ. In principle, the modifica-
tions implementing bounce are only reflected on the per-
turbation modes at UV scale. While the perturbation
modes we observed in today’s cosmological observations
are mainly in far infrared regime, thus this set of equa-
tions are trustable.
We, with this set of equations and the background evo-
lutions in Fig.1, will analytically discuss and numerically
simulate the evolutions of the curvature perturbation and
the isocurvature perturbation on large scale in the follow-
ing sections.
III. THE EVOLUTION OF CURVATURE
PERTURBATION
We will recheck the evolution of the curvature per-
turbation. The background field is φ, and other fields
contributing the isocurvature perturbation are neglected.
Thus the curvature perturbation is ζ = Φ + H
φ˙
δφ. The
equation of curvature perturbation in the momentum
space is [38],[39],[40]
u′′k +
(
k2 − z
′′
z
)
uk = 0, (4)
3where uk = zζk and z = aφ˙/H, the prime denotes the
derivative for the conformal time η.
When the perturbations are deep inside the Hubble
scale k2 ≫ z′′/z, the solution of perturbation is uk ∼
1√
2k
e−ikη. While the perturbations are outside of Hubble
scale k2 ≪ z′′/z, Eq.(4) has general solution uk, which
gives e.g.[40],
ζk ∼ Cζ,2
∫
dη
z2
+ Cζ,1, (5)
where Cζ,1 and Cζ,2 are constant only dependent of k.
The perturbation spectrum will be determined by which
one of both terms is dominated.
In general, for the contraction phase
a ∼ (tB − t)n, (6)
where t < tB and n is constant. Thus during the contrac-
tion with n > 1
3
, the amplitude of ζ will be dominated
by the Cζ,2 mode,
ζk ∼
∫
dη
z2
∼ (tB − t)1−3n , (7)
which is increasing. While for the expanding phase
a ∼ tn, ζk is constant. This implies that for a cycle
of cyclic universe during the contraction ζk is increased
on large scale, up to the end of contracting phase in cor-
responding cycle, while during the expansion it becomes
constant. Thus the net result is that ζk on large scale is
amplified, which is inevitable. Here, n is constant only
for the convenience of discussion. However, around the
bounce, the case can not be described simply as Eq.(6),
the qualitative result that the curvature perturbation on
large scale is amplified is universal.
The amplification for the perturbation modes, which
are outside of Hubble scale in the jth and jth + 1 cycles
all along, can be estimated as follows. In the jth cycle,
after the bounce, ζk is given by Eq.(7), which will be un-
changed up to the end of the jth cycle. Then the universe
enters into the jth+1 cycle, during the contraction of the
jth+1 cycle, ζk will continue to increase. Thus at certain
time during the contraction, in term of Eq.(7), we have
ζj+1k (t
j+1) ≃
(
tj+1B − tj+1
tj+1B − tj+1Ci
)1−3nj+1
ζjk(t
j
Ce)
∼
(
tj+1B − tj+1
tj+1B − tj+1Ci
)1−3nj+1 (
tjB − tjCe
)1−3nj
∼ exp
[
(3nj+1 − 1)N j+1
1− nj+1
]
(HjCe)
3nj−1, (8)
since H ∼ 1/(tB − t), which means that for these modes
still staying outside of Hubble scale the amplitude of the
spectrum will be amplified with same rate after each cy-
cle. In the third line, N j+1 = ln(aj+1Hj+1
a
j+1
Ci
H
j+1
Ci
), which is
N j+1 ≃ (1− nj+1) ln
(
Hj+1
Hj+1Ci
)
, (9)
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FIG. 3: The evolutions of the comoving Hubble radius 1
a|H|
and the perturbation modes are plotted for the models with
increasing cycles and equal cycles, respectively.
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FIG. 4: The upper panel is the evolution of ζk in the model
with increasing cycles, and the lower panel is that in the model
with equal cycles. We can see that ζk is increased cycle by
cycle outside of Hubble scale, independent of the style of cyclic
models.
4is the efolding number for the primordial perturbation
generated during the contraction of the jth + 1 cycle.
Thus for the jth cycle, the amplification of the perturba-
tion amplitude is ∼ expN j . Thus with Eq.(8), we have
ζj+1k (t
j+1) ≃ ζ1k(t1Ce)
(
tj+1B − tj+1
tj+1B − tj+1Ci
)1−3nj+1
∏
s=1,...,j
(
tsB − tsCe
tsB − tsCi
)1−3ns
, (10)
where ζ1k is the perturbation generated during the first cy-
cle. Eq.(10) indicates that the curvature perturbation is
multipled through cycles, and thus the rate of the ampli-
fication is quite rapid, which is general. We have assume
that the linear perturbation approximation is satisfied
all along. However, it might be broken after one or some
cycles, which will bring a cutoff for j.
100 200 300 400 500
kst
10-8
10-6
10-4
0.01
1
ÈFÈ
100 200 300 400 500
kst
10-10
10-7
10-4
0.1
È∆ΦÈ
FIG. 5: The evolution of Φk and δφk in the model with
increasing cycles. We can see that δφk is increased in con-
tracting phase and constant in expanding phase, thus the net
result is increased cycle by cycle. The corresponding mode is
ks
In Fig.4, the evolutions of the perturbation modes ζk
is plotted with the backgrounds in Fig.1 by numerically
solving Eqs.(1),(2),(3). We can clearly see that ζk is in-
creasing during the contraction and is constant during
the expansion, thus the net result is that the amplitude
of perturbation is amplified cycle by cycle, which is con-
sistent with Eq.(10). The metric perturbation Φ and the
perturbation δφ of background scalar field φ are plotted
in Figs.5 and 6. They obviously also increase cycle by
cycle. The results are consistent with above discussions,
and also the numerical results in [22],[25],[26] for one cy-
cle, and also [41].
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FIG. 6: The evolution of Φk and δφk in the model with
equal cycles. Their characters are similar with increasing
cyclic models. The corresponding mode is 0.01ks
IV. THE EVOLUTION OF ISOCURVATURE
PERTURBATIONS
We will study the evolution of isocurvature perturba-
tion. In principle, there may be a set of scalar fields
together participating in the evolution of cyclic universe.
The curvature perturbation is the perturbation along the
field trajectory in fields space, while the isocurvature per-
turbation is the perturbation orthogonal to the field tra-
jectory [37]. The general case is slightly involved. How-
ever, for simplicity, we assume that there is only a field
χ other than φ, which has nothing to do with the back-
ground evolution, and thus the background field φ is re-
sponsible for the curvature perturbation, while χ only
contributes the isocurvature perturbation.
The evolution of χ field is given by
χ¨+ 3Hχ˙+ Vχ = 0. (11)
The simplest case is V (χ) = 0, we have χ˙ ∼ 1/a3. Thus
if initially χ˙ 6= 0, χ˙ will increase in the contracting phase,
while χ˙→ 0 rapidly in the expanding phase.
During the contraction phase (6) of each cycle,
χ ∼
∫
dt
a3
∼ (tB − t)1−3n. (12)
Thus χ will farther and farther deviate from its initial
value in the model with equal cycles, while will eventually
stop in certain value in the models with increasing cycle.
Alternatively, the potential is
V (χ) =
1
2
M2χχ
2. (13)
5During the contraction, the solution of Eq.(11) is ap-
proximately
χ ≃ Mp√
3piMχ(tB − t)
sin[Mχ(tB − t)]. (14)
The field χ will oscillate around its minimum χ = 0 and
its amplitude will increase during the contraction of each
cycle.
The perturbation equation of χ field is given by Eq.(1),
δχ¨k + 3Hδχ˙k + (
k2
a2
+ Vχχ)δχk = 4Φ˙kχ˙− 2ΦkVχ. (15)
A. The evolution of δχ without the coupling to the
metric perturbation
We firstly neglect the coupling of χ to the metric per-
turbation Φ, which is right only when the effect of χ on
the background evolution is completely negligible. When
Vχχ ≪ H2, the equation of δχ is
δχ¨k + 3Hδχ˙k +
k2
a2
δχk = 0, (16)
We define υ = aδχ, Eq.(16) becomes
υ′′k + (k
2 − a
′′
a
)υk = 0, (17)
where the prime is the derivative for the conformal time
η. Initially, the perturbation is deeply inside its Hubble
scale, k2 ≫ a′′/a, the solution is υk ∼ 1√
2k
e−ikη. Dur-
ing the contraction, the perturbation is extended outside
of the Hubble scale. When k2 ≪ a′′/a, the solution of
Eq.(17) can be written as
δχk ≃ Cδχ,2
∫
dη
a2
+ Cδχ,1 (18)
where the Cδχ,1 mode is the constant mode and the Cδχ,2
mode is the mode dependent on time. The spectrum of
δχk will be determined by which one of them is domi-
nated. This solution is almostly same as (5) of curvature
perturbation. The difference is that for ζ, the Cζ,2 mode
is ∼ ∫ dη/z2, which equals ∫ dη/a2 only when ω is con-
stant. However, around the bounce time, ω is rapidly
changed.
The increasing of the amplitude of δχk during the con-
traction is determined by the increasing mode
δχk ∼
∫
dt
a3
∼ 1
(tB − t)3n−1 . (19)
Thus δχ˙k ∼ 1/a3. The matching condition around the
bounce is that both δχk and its time derivative are con-
tinuous. Thus after the bounce δχ˙k will inherit the corre-
sponding value before the bounce. However, since during
the expansion δχ˙k ∼ 1/a3 is decreased. Thus before the
contraction in following cycle, its initial value is depen-
dent on the ratio of the expansion of a to the contraction
in previous cycle. In general, we have
δχ˙j+1Ee =
(
ajEe
aj+1Ee
)3
δχ˙jEe ∼
∏
i=1,...,j
(
aiEe
ai+1Ee
)3
δχ˙1Ee. (20)
Thus if the cycle is equal, the initial value of δχ˙k is same
for each cycle, however, if the cycle is increasing, it is
decaying with the increasing of the number of cycles.
The initial value of δχ˙j+1k at the beginning time of the
contraction determines the amplitude of the increasing
of δχj+1k in the j
th + 1 cycle. Thus after the bounce of
the jth + 1 cycle, we generally have
δχj+1k ∼

1 + ∑
i=1,...,j
∫
δχ˙i+1k dt

 δχ1k, (21)
whereδχ1k is the perturbation generated during the first
cycle. Eq.(21) indicates that for the model with equal
cycles, the perturbation modes will be amplified cycle
by cycle and the amplification rate at each cycle is same,
however, for the model with increasing cycles, since δχ˙ ∼
1/a3 is decaying with the increasing of the number of
cycles, the integration
∫
δχ˙j+1k dt will be negligible after
one or some cycles, which means that the perturbation
δχk will be amplified in the beginning and approach a
constant with the increasing of the number of cycles.
The evolutions of δχk and Φk in the models with equal
cycles and increasing cycles are plotted in Figs.7 and 8,
respectively. In Fig.7, δχk will increase cycle by cycle,
and its increasing is slower than that of Φk, which can
be actually noticed by comparing Eqs.(10) and (21). In
Fig.8, δχk will only increase at the first cycle and then
tends to constant in the following cycles. The numerical
results are consistent with the analytic estimates.
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FIG. 7: The solid line is the evolution of δχk in the model
with equal cycles, while the dashed line is the evolution of Φk.
B. The evolution of δχ with the coupling to the
metric perturbation
During the contraction of each cycle, the energy of χ
field χ˙2 ∼ 1/a6 is rapidly increased. Its increasing is
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FIG. 8: The solid line is the evolution of δχk in the model
with increasing cycles, while the dashed line is the evolution
of Φk.
generally faster than that of the background field φ, thus
it might be required to include the coupling of χ to the
metric perturbation Φ. The metric perturbation is am-
plified cycle by cycle, which is faster than that of free δχ,
and thus will source the evolution of δχ. We will check
it.
When Vχ = 0, that left in the right side of Eq.(15) is
4Φ˙kχ˙, Eq.(15) becomes
δχ¨k + 3Hδχ˙k +
k2
a2
δχk = 4Φ˙kχ˙, (22)
In general, Φ˙ ≃ HΦ and χ˙ ≃ Hχ. What we care is the
evolution of perturbation on large scale, i.e. k2 ≪ a2H2.
Thus Eq.(22) becomes approximately
H2δχk ∼ HΦkχ˙, (23)
and thus
δχk ∼ χ˙
H
Φk. (24)
In the model with equal cycles, a is periodically equal.
In contracting phase of each cycle, we have
δχk ∼ 1
a3H
Φk ∼ 1
(tB − t)3n−1Φk (25)
where we have used a ∼ (tB − t)n and H ∼ 1/(tB − t).
We can conclude that during the contraction with n > 1
3
,
the increasing of the amplitude of δχk is faster than that
of the metric perturbation Φk.
In the model with increasing cycles, χ˙ will become
quite small after some cycles, since the maximal value
of a in each cycle is increased with the increasing of the
number of cycles. Thus after one or some cycles, Φk will
hardly have effect on δχk, therefore δχk will approach a
constant.
Alternatively, for the potential (13), the equation of δχ
is
δχ¨k +3Hδχ˙k +(
k2
a2
+M2χ)δχk = 4Φ˙kχ˙− 2ΦkM2χχ (26)
When M2χ ≪ H2, the result will be same with that of
V = 0. While for M2χ ≫ H2, we have
δχk ∼ χΦk, (27)
where χ is given by Eq.(14). Thus the solution (27) is
approximately
δχk ∼ Mp
Mχ(tB − t) sin[Mχ(tB − t)]Φk. (28)
Thus the perturbation will oscillate and its amplitude
will be amplified faster than Φk. However, the increasing
rate of the amplitude dose not decay with the increasing
of the number of cycles.
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FIG. 9: The background is that of the model with equal
cycles. The solid line is the evolution of Φk and the dashed
line and the dotted line are the evolution of δχk with V (χ) = 0
and V (χ) = 1
2
M2χχ
2, respectively.
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FIG. 10: The background is that of the model with increasing
cycles. The solid line is the evolution of Φk and the dashed
line and the dotted line are the evolution of δχk with V (χ) = 0
and V (χ) = 1
2
M2χχ
2, respectively.
The numerical results for the models with equal cycles
and increasing cycle, respectively, are plotted in Figs.9
and 10. We can see that the perturbation δχk is amplified
faster than Φk cycle by cycle. The oscillating of χ leads
the oscillating of δχk. These results are consistent with
analytical discussions.
V. DISCUSSION
The cosmological cyclic scenario offered an alternative
insight into the origin of observable universe. In general,
7it is thought that the background evolution of cyclic uni-
verse is globally homogeneous cycle by cycle. However,
the amplitude of curvature perturbation on large scale
will be amplified cycle by cycle.
In certain sense, the amplification of curvature per-
turbation might eventually destroy the homogeneity of
background, which might lead to the ultimate end of cy-
cles of global universe. However, it can be argued [15, 16]
that for the model with increasing cycles, the global uni-
verse will possibly evolve into a fissiparous multiverses
after one or some cycles, in which the cycles will con-
tinue only at corresponding local regions, inside of which
the background is homogeneous.
The amplitude of the isocurvature perturbation on
large scale may be also amplified cycle by cycle. How-
ever, the rate of its amplification is slower than that of
curvature perturbation, and further for the model with
increasing cycles, with the increasing of the number of cy-
cles the amplification of its amplitude will be suppressed,
and after one or some cycles the resulting amplitude will
approach a constant. However, if the coupling to the met-
ric perturbation is included, the result will be altered.
This might have interesting implication to the applica-
tion of the curvaton mechanism [42],[43],[44],[45], called
the bounce curvaton scenario [46].
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